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Challenges

1

Good understanding of the physi
al phenomena and their intera
tions

2

Development of an e�
ient and predi
tive multi-physi
s and multi-s
ale tool giving the

stru
tural response a

ording to the material lo
al behavior

• Motivation • hygro-elasti
 problem • un
ertainties • numeri
al study • 
on
lusions

2



Intera
tion between moisture di�usion and me
hani
al behavior

Hygros
opi
 swelling

The moisture 
ontent leads to a so-
alled hygros
opi
 swelling involving relevant internal stresses

[Peret et al. 2014℄

Lo
al stress �eld

Stress level distribution within the 
omposite

Moisture uptake and material damage

Water uptake for various damage levels

Cra
k density vs ageing [Tual 2015℄
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Variability observed for moisture di�usion problem

Typi
al experimental data of glass/polyamide 
omposite material → un
ertainties

Observations for glass/PA6-6 at HR= 80%
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Hygro-me
hani
al problem with 
ra
k

Obje
tives

Study the e�e
t of 
ra
k on the moisture

di�usion

Study the e�e
t of moisture on the 
ra
k

propagation

Taking into a

ount the various input

un
ertainties

Why X-FEM modeling ?

X-FEM methodology does not require


onforming mesh

X-FEM eases the 
ra
k propagation study

X-FEM allows studying geometri
al

variability [Clément 2008℄
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Fi
k di�usion model

Heterogeneous Fi
k problem: strong form

Find 
(x , t) ∈ Ω× R
+
∗
su
h that

∂
(x , t)

∂t
= D∆
(x , t) in Ω× R

+
∗


(x , t) = 


∞
on Γ

1

× R
+
∗

(D∇
x


(x , t)) · n = 0 on Γ\Γ
1

× R
+
∗


(x , t = 0) = 


0

(x) ∀x ∈ Ω

where Ω = Ω
1

∪Ω
2

and D =

{

D

1

if x ∈ Ω
1

0 if x ∈ Ω
2

the spatial average water 
ontent C(t) veri�es

C(t) =
1

M

0

∫

Ω
ρ(x) 
(x , t) dΩ
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Me
hani
al problem model

Heterogeneous un
oupled hygro-elasti
 problem: strong form

Find u(x, t) ∈ Ω× (0,T ) su
h that

div σ + f = 0 on Ω\Γ

ra
k

× (0,T )

σ = C : (εe(u)−εh(x , t)) on Ω\Γ

ra
k

× (0,T )

σ · n = 0 on Γ\Γ

ra
k

× (0,T )

u = u

imp

on Γ
u

× (0,T )

where Ω = Ω
1

∪Ω
2

and C =

{

C

1

if x ∈ Ω
1

C

2

if x ∈ Ω
2

with εh(x , t) =





βh

x


(x , t) 0 0

βh

y


(x , t) 0

sym βh

z


(x , t)





→ �eld 
(x , t) 
an be obtained from any di�usion model
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X-FEM methodology

eXtended Finite Element Method lies on two main aspe
ts:

1

Impli
it des
ription of the geometry using the level-set te
hnique [Sethian 1999℄

2

Enri
hed approximation based on prior knowledge on the physi
al behavior [Moës et al. 1999℄

Imposing Diri
hlet BC with X-FEM for the di�usion problem

Sin
e 
ra
ks are not represent with a 
onforming mesh, imposing Diri
hlet BC is not

straightforward

Use of the penalty approa
h [Fernandez et al. 2004℄ 
oupled to an enri
hed approximation

to 
ir
umvent this issue → modi�ed dis
retized system

(K + γKp)
 = γfp where K

p =

∫

Γ

ra
k

N

i

N

j

dΓ and f

p =

∫

Γ

ra
k

N

i

C

imp

dΓ


(x) =
∑

i

N

i

(x)

i

+
∑

i

N

i

(x)H(x)
+
i

with H(x) the Heaviside fun
tion

Resolution of the elasti
 problem with hygros
opi
 strain

Use of 
lassi
al enri
hment fun
tions for the support and the tip of the 
ra
k

[Moës et al. 1999℄
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A sto
hasti
 di�usion problem

A sto
hasti
 homogeneous Fi
k problem [Crank 1978℄: strong form

→ introdu
tion of a �nite dimensional probability spa
e (Ξ,BΞ,PΞ) to model the di�erent

sour
es of un
ertainties

Sour
es of un
ertainties modeled with a �nite

set of random variables ξ

Random material parameters → D(ξ)

Random loadings → 


∞(ξ)

Random geometries → Ω(ξ) and Γ(ξ)

Find 
(x, t, ξ) : Ω × R
+
∗
× Ξ → R su
h that

∂
(x, t, ξ)

∂t
= D(ξ)∆
(x, t, ξ) in Ω(ξ) × R

+
∗
× Ξ


(x, t, ξ) = 


∞(ξ) on Γ
1

× R
+
∗
× Ξ

(D(ξ)∇
x


(x, t, ξ)) · n = 0 on Γ\Γ
1

× R
+
∗
× Ξ


(x, t = 0, ξ) = 


0

(x, ξ) ∀x ∈ Ω(ξ) × Ξ
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(D(ξ)∇
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1

× R
+
∗
× Ξ


(x, t = 0, ξ) = 


0

(x, ξ) ∀x ∈ Ω(ξ) × Ξ

The sto
hasti
 modeling requires two steps:

1

the quanti�
ation of the un
ertainties (e.g. the identi�
ation of the input random variables)

2

the propagation of un
ertainties through a physi
al model leading to the 
hara
terization of

the random response (e.g. probability density fun
tion of a quantity of interest, probability of

failure, et
.)
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Spe
tral sto
hasti
 methods

De
omposition of the solution on a spe
i�
 basis suited the sto
hasti
 problem:

The dis
rete solution 
(y , ξ) will be sear
hed under the form


(y , ξ) ≈
P

∑

α=1


α(y )Hα(ξ)

where the 
α(y) are the unknown of the problem and the {Hα}P
α=1 ∈ L

2(Ξ, dPξ) is a basis of

orthonormal polynomials 
hoosing with respe
t to the density of probability PΞ (Polynomial

Chaos [Ghanem et al. 1991, Xiu 2002℄)
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L

2

proje
tion method [Le Maître et al. 2010℄

De�nition of approximation


α = E(
Hα) =

∫

Θ

Hα(ξ)
(ξ)dPξ

Computation with numeri
al integration


α ≈
∑

n

g

k=1
ω
k

Hα(ξ
k

)
(ξ
k

)

where the (ω
k

, ξ
k

) are the integration points

Example of quadrature with n

g

= 16

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

ξ
1

ξ 2

→ This te
hnique only requires the resolution of n

g

deterministi
 
omputations whi
h 
an be

made by a standard FEM software
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Sto
hasti
 numeri
al study of a 
omposite at mi
ro-s
ale

Problem des
ription

Random 
ra
k length L


ra
k

∈ U(5, 55)µm (
ov = 50%)

Random imposed C

∞ ∈ U(1.6, 1.8) %H20 (
ov = 4%)

Isotropi
 moisture di�usion tensor with

D = 8.2 10−2µm2/s

Volume fra
tion v

f

= 40 % with d

f

= 10 µm

Epoxy elasti
 parameters : E

m

= 4 GPa, ν
m

= 0.36 et

β = 3.24%

Glass elasti
 parameters : E

f

= 72.5 GPa, ν
m

= 0.22 et

β = 0%

Verti
al loading σ
22

= 1.5 MPa on the top edge

Approximation parameters

Spatial approximation with 14000 linear �nite elements

Euler's impli
it time s
heme for T = 45 h with ∆t = 10min

Penalty parameter γ = 10

6

Sto
hasti
 approximation based on polynomial 
haos with order p = 3
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Sto
hasti
 numeri
al study: di�usion results

Results on the global moisture 
ontent C (t)

Random sorption 
urve

√
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Results on the lo
al moisture 
ontent 
(x, t)
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further from the 
ra
k
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→ relevant in�uen
e of the 
ra
k length on both global and lo
al moisture 
ontents
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Sto
hasti
 numeri
al study: di�usion results

Random realizations of moisture �eld 
(x, t) at t = 0.5 h

→ fast post-pro
essing of the 
omplete sto
hasti
 solution
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Sto
hasti
 numeri
al study: me
hani
al results

Results on the verti
al 
ra
k opening u

open

(t)

Sto
hasti
 pro
ess u
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→ signi�
ant variability mainly due to the 
ra
k length randomness
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Sto
hasti
 numeri
al study: me
hani
al results

Results on the minimum lo
al stress σ
min

11

(t)
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→ signi�
ant variability mainly due to the 
ra
k length randomness but also to the maximum

absorption 
apa
ity randomness
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Con
lusions and future works

Con
lusions

Study of the impa
t of hygros
opi
 aging on damage 
omposites in a sto
hasti
 
ontext

Spe
tral sto
hasti
 approa
hes allow e�
iently dealing with variability observed in

hygro-me
hani
al problems

X-FEM framework allows dealing with random geometri
al di�usion problems (
ra
k and

others)

Ongoing and future works

Dealing with the random 
ra
k propagation problem 
oupled with di�usion phenomenon

Gathering experimental data for obtaining real input parameters and validating the numeri
al

approa
h

Thank you for your attention
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